Abstract: Full quantum theory of the optical two-qubit quantum phase gate for single photons is formulated. Trade-off between the conditional phase shift and gate fidelity is found, but could be compensated in transient regime.
Introduction
It is difficult to realize two-qubit operations on the photonic qubits since the interaction between photons is usually weak. A possible solution is the enhancement of photon-photon interaction in dense atomic media exhibiting electromagnetically induced transparency (EIT) [1] . In this case, optical nonlinearities can be produced when EIT is disturbed, either by introducing additional energy level(s) [1] , or by mismatching the probe and control field frequencies [2] .
In this submission, the feasibility of EIT-based systems for the implementation of a two-qubit quantum phase gate (QPG) for travelling single photons, by means of a full quantum treatment of the system dynamics is addressed. The existing literature focuses only on the evaluation of the conditional phase shift (CPS) [3] and on the best conditions for achieving the ideal shift of π radians, while the gate fidelity, which is the main quantity for estimating the efficiency of a gate, has never been evaluated.
Here, we calculate both the fidelity and the CPS of the QPG, enabling us to discover a general trade-off between a large CPS and a gate fidelity close to one, hindering the QPG operation. However, it is shown that this trade-off can be bypassed in the transient regime, which has never been considered before in EIT situations, still allowing a satisfactory gate performance.
The qubits are given by polarized single-photon wave packets with different frequencies, and the phase shifts are generated when these two pulses cross an atomic ensemble in a five-level "M" configuration (see Fig. 1 ). The population is assumed to be initially in the ground state |3>. From this ground state, it could be excited by either the single-photon probe field, coupling to transition |3> Ø |2>, or by the single-photon trigger field, coupling to transition |3> Ø |4>. The logical basis for each qubit practically coincides with the two lowest Fock states of the mode with the "right" polarization, |0 j > and |1 j > (j=p,t) [2] . 
Model
The scope of this work is to find the ultimate physical limits imposed on QPG operations in a systems with EITbased optical nonlinearities. Hence, all technical limitations and experimental imperfections are neglected [4] . First, perfect spatial mode matching between the input single-photon pulses entering the gas cell and the optical modes excited by the driven atomic medium is assumed. This allows the description of the probe and trigger fields each in a466_1.pdf QMJ5.pdf 1-55752-813-6/06/$25.00 ©2006 IEEE terms of single travelling optical mode. Next, it is assumed that the pulses enter the gas cell simultaneously and completely overlap with it during the interaction. This means that the pulse length (compressed due to group velocity reduction) is of the order of the cell length L and their beam waist is of the order of the cell radius. In this way, the two pulses interact with all N at atoms in the cell, so one can ignore spatial aspects of pulse propagation. With these assumptions, and due to the single-photon nature of the pulses, only singly excited collective symmetric atomic states are involved in the dynamics. Furthermore, these collective states then decay only into the six collective spontaneous emission channels. The system then behaves as an effective single five-level system. Using this model, two quantities are calculated simultaneously: the CPS and the gate fidelity, where the latter is calculated in two different ways. The unconditional fidelity is calculated from a solution of the appropriate effective master equation, averaged over all possible initial states of the two-qubit system. The conditional fidelity is obtained using the quantum jump approach, conditioned to the absence of photon loss by the spontaneous emission.
Results
EIT and the associated effects are stationary phenomena, so it is natural to assess the QPG performance in the steady-state regime (γt int >>1). However, it is found that the required CPS is obtained on the expense of the gate fidelity. Under EIT, strong photon-photon interaction is achieved under the condition which also implies transfer of atomic population from the initial state |3> to the ground states |1> and |5>. In process, this also changes the coefficients of the joint two-qubit state thus decreasing the fidelity.
This fidelity-CPS trade-off could be partially by-passed in a transient regime (γt int <1), where it could be compensated by the transient oscillations in the populations of atomic levels. Typical results are displayed in Fig. 2 , showing the unconditional fidelity of 94% and the conditional fidelity of 99% at the interaction time of 0.4/γ = 10 ns (for 87 Rb sample), when the CPS reaches π radians. 
Conclusion
In conclusion, our study shows that the implementation of efficient EIT-based nonlinear two-qubit gates for travelling single-photons is possible despite a trade-off between the size of the CPS and the fidelity of the gate. The trade-off is unavoidable in the stationary regime, but can be compensated for in the transient regime. The gate operation is then extremely fast (10 ns) and fidelities equal to 0.99 are achievable.
